We enumerate sets of n non-intersecting, t-step paths on the directed square lattice which are excluded from the region below the surface y = 0 to which they are initially attached. In particular we obtain a product formula for the number of star configurations in which the paths have arbitrary fixed endpoints. We also consider the 'return' polynomial,Ŕ 
Introduction
The problem considered here is of interest in many different contexts, the simplest of which is random walk theory. n random lock-step walkers in one dimension initially occupy the even sites of a semi-infinite lattice and at each tick of a clock move, with equal probability, to one of the adjacent sites subject to the condition that only one walker can be at a given site at any time. Such walkers have been called vicious [1] and are unable to pass one another. In this context our results relate to the probability that the walker closest to the boundary is to be found on the boundary site.
The spacetime trajectories of the random walkers are paths on a fully directed square lattice which is semi-infinite in the space direction. Lattice path problems (as opposed to their continuous analogues) are of considerable significance in enumerative and constructive combinatorics [2, 3] . Here we show that exact recurrence relations and product formulae may be obtained for the number of path configurations of given length and number of surface contacts.
In polymer physics the paths represent networks of non-intersecting directed polymer chains interacting with a surface via contact interactions. The partition function of this system is a sum over network configurations and the Boltzmann weight for a given configuration has a factor κ for each contact the closest chain makes with the surface. This is a non-trivial example of a statistical mechanical system showing an adsorption phase transition which we have found to be exactly solvable for finite size as well as in the thermodynamic limit. The transition takes place at a critical value of κ = κ c = 2. The scaling behaviour near this transition is expected to be universal and to be found in real polymer networks. Two types of polymer network are normally considered; stars and watermelons [1] . The scaling analysis for watermelons is the subject of a separate paper [4] and here we present only the combinatorial arguments. The partition function in the combinatorial context is known as the return polynomial since for fixed length it is a polynomial in κ and contacts occur when the walk returns to the boundary. For all boundary conditions considered here the first walker starts on the boundary and no κ factor is associated with the initial contact.
For n = 1 and n = 2 exact expressions for the partition functions of fixed length chains, with various standard end-point conditions, have been found for arbitrary κ [5] . The case when all configurations are given equal weight (κ = 1), and contacts are not counted is known as the non-interacting case and the bulk case is when no wall is present. The critical exponents describing the asymptotic behaviour of the number of configurations as the chain length approaches infinity have been found in both the non-interacting case [6] and the bulk case [1] for arbitrary n.
In the bulk case the number of star configurations was subsequently expressed exactly for arbitrary fixed length and both free and fixed endpoint conditions in the form of products of ratios of factorials ('product forms') [7, 8] . The formula for fixed endpoints was proved in [8] by evaluation of a Gessel-Viennot determinant [9, 10] and yields as a special case the formula for watermelons with fixed endpoint deviation. The far more difficult proof of the formula for stars with free endpoints was given in [11] and uses a mapping to Young tableaux for which the appropriate sum of Schur functions was known. The numbers of watermelons with free endpoints and n 5 were proven to satisfy homogeneous linear recurrence relations with polynomial coefficients using Zeilberger's algorithm [12] . For n = 2 the relation is of first order yielding a product form but the order increases at odd values of n and the partition functions are generalized hypergeometric functions. For n = 3 the partition function is a Heun function.
Product forms have deep combinatorial significance and as such are a major focus of this paper. They can also be readily analysed for their asymptotic behaviour. In the noninteracting surface case our product form (2.7) for fixed endpoint stars is reported in [13] where an alternative proof using knowledge of symplectic characters is given. In the same paper a product formula for stars with free end points is derived by relating it to a problem of enumerating symplectic tableaux previously solved by Proctor [14] .
The main result of this paper is a product form for the number of fixed endpoint watermelons having n chains and m contacts (returns). This result is restricted to the case when the endpoint is on the surface. However, for arbitrary deviation a product form is found for the number of configurations with a given number of marked returns. By inclusion and exclusion, the coefficients in the return polynomial are then finite sums of product forms with binomial weights. Alternatively, the numbers of configurations with a given number of marked returns are the coefficients in the partition function when expanded in the variable κ 1 = κ − 1. These results may have significance in symplectic tableaux enumerations.
The calculation is basically the evaluation of the Gessel-Viennot determinant for lattice paths when a weight κ is attached to the surface sites. The elements of this n × n determinant are single walk partition functions each of which involves κ. It is shown in section 3 that the single walk functions satisfy a recurrence relation which is then used in section 4 to eliminate the dependence on κ from the first n − 1 columns of the determinant. Using an expansion formula, derived in section 3, for the elements of the last column yields a determinant which is recognized as a special case of the number of stars with fixed end points and is hence of product form.
The results in this paper follow previous work on single paths on the half plane directed square lattice [5] , as well as n non-intersecting paths [15, 16] and their connection with the Bethe ansatz of statistical mechanics [17] .
Primary definitions and summary of results
The lattice paths are restricted to the upper half plane, = {(t, y)| t ∈ Z, y ∈ Z + and t + y even}, where Z (resp. Z + ) is the set of integers (resp. non-negative integers). A single such path is a Ballot path defined below. The number of Ballot paths is well known to be the Ballot number B t,y :
Definition 1 (Ballot and Dyck paths). A Ballot path of length t with deviation y is a sequence of vertices
These numbers are normally indexed by the numbers of down and up steps d = 
2)
The case y = 0 gives the number of Dyck paths
which is the dth Catalan number. In this paper we enumerate the number of configurations of n non-intersecting paths having a given number, m, of returns. (see for example [5] equation (3.11) , replacing m by m − 1 since in [5] m was the number of contacts). In section 3 this is rederived from a simple bijection which we extend to n paths in section 4.
In the case n > 1 we consider two special configurations of non-intersecting paths; 'stars' and 'watermelons' [1] . It is shown in section 4 that the total number of star configurations is given by the product formulá
Definition 3 (Star).
R * t (y 1 , y 2 , . . . , y n ; 1) = 1 α<β n 1 2 (y β − y α ) 1 2 (y α + y β ) + 1 × n α=1 (t + 2α − 2)!(y α + 1) 1 2 (t + y α ) + n ! 1 2 (t − y α ) + n − 1)! . (2.7)
Definition 4 (Watermelon). A watermelon configuration of length t and deviation y is a star configuration with y α = y + 2(α − 1), see figure 1(b). The number of these watermelon configurations having m returns will be denoted byŕ W t (y; m) and the return polynomial iś R
From (2.7) we get the total number of watermelons with fixed deviation y.
In a parallel work Krattenthaler et al [20] derived a product formula for the total numbers of stars which do not go below the surface:
where s ≡ t (mod 2). They also gave asymptotic forms for this and the number of watermelons with free end condition (i.e. no fixed deviation) for which no product form was found.
Definition 5 (Marked-return stars). A marked-return star is a star with some subset of its returns marked.
In the case n = 1 we denote the set of all Ballot paths of length t ending at height y with exactly m marked returns by { } m t,y . Substituting κ = 1 + κ 1 in a star return polynomial and expanding in powers of κ 1 gives 2 m terms for each star configuration having m returns, since a given return may either be associated with a factor 1 or κ 1 . There is a clear bijection between the terms having m factors of κ 1 and stars having a subset of m returns marked. We therefore call the polynomial in κ 1 a 'marked return polynomial' since it is the generating function for the enumeration of stars with a given number of marked returns. For a single Ballot path the marked return polynomial isÚ
In the case of watermelons, which are the main subject of this paper,
is the number of watermelon configurations in which the path nearest to the surface has m marked returns and is related toŕ One reason for introducing the marked return polynomial is that we have found a product form for the coefficientú A second reason is that in case n = 1 it was shown in [5] that the number of Ballot paths with deviation y and m marked returns is given by
Here we show that this follows from a simple bijection between Ballot paths with m marked returns and the set of all Ballot paths of the same length which terminate at a distance 2m further away from the surface (see section 3). The corresponding bijection in the case of unmarked returns, which gave rise to (2.5), is between paths of different lengths. This factorization into D-factors gives the following well-known lemma [18] by summing over the possible lengths of the sub-paths.
Combinatorial enumeration of Ballot paths with fixed numbers of returns and marked returns Definition 6 (Terraces and terrace rises). A terrace of height h 0 is a horizontal line at height y = h. For a Ballot path with deviation y > h we call the rightmost intersection with the terrace, the terrace vertex and the up step immediately to the right of the terrace vertex we call the height h the terrace rise (see figure 2).

Definition 7 (Dyck factor). Consider a Ballot path of length 2d + y and height y and draw terraces at heights
Lemma 1. The number of Ballot paths of length 2d + y ending at height y is given in terms of a convolution of y + 1 Catalan numbers by
where the on the last sum denotes the restriction The following enumerations of Ballot paths with fixed numbers of returns and marked returns may therefore also be expressed in terms of convolutions of Catalan numbers.
The number of Ballot paths with fixed deviation and a given number of returns
A bijection between Ballot paths with exactly m returns and Ballot paths which are m + 1 steps shorter but have final deviation increased by m − 1 units, illustrated in figure 4, gives the following lemma. A similar construction will be used when we consider the n-path extension later in the paper. Remark 1. The number of Ballot paths of length 2d + y ending at height y with exactly m returns is also in bijection to the number of Ballot paths of length 2d + y − m and height y + m with no returns. This is observed by modifying figure 4 so that the leftmost edge is not contracted/inserted.
The number of Ballot paths with fixed deviation and a given number of marked returns
We now give the combinatorial interpretation of (2.15) which is equivalent to our next lemma. Proof (Bijection κ 1 ). The required bijection, κ 1 , is defined as follows: Rotate each return edge incident on a marked return counterclockwise by 90
• (equivalent to replacement by an up step). As illustrated in figure 5 , this produces a Ballot path of the same length, but ending at height y + 2m. Each rotated return edge becomes a terrace rise since the vertices of the sub-path to the right of the return vertex map to vertices at least as high as the mapped return vertex.
To go from a Ballot path of length 2d + y ending at height y + 2m to that ending at height y, draw m terraces at odd heights, y = 1, 3, . . . , 2m − 1, then rotate each terrace rise 90
• clockwise (equivalent to replacement by a down step). Each rotated terrace rise becomes a return edge of the resulting Ballot path which should be marked to distinguish it from other return edges present or created.
Simplification of the Gessel-Viennot determinant for the watermelon return and marked return polynomials
For n > 1 we take as our starting point the following theorem: 
weighted sum over configurations of n non-intersecting paths, in which path
Suppose that the weight attached to a given path is a product of weights associated with vertices and arcs visited by the paths. If there is at least one non-intersecting configuration and all path configurations connecting the initial vertices to any permutation of the terminal vertices (other than the identity) have at least one intersection then
Z(v
where Z v In applying this theorem to the derivation of return (marked return) polynomials for stars (and in particular watermelons) we extend the paths backwards by the least number of steps required to reach the t-axis so that the initial vertex (0, 2(α − 1)) becomes v . For marked return polynomials we use a recurrence relation relating elements in adjacent columns in order to show that it is possible to set κ 1 = 0 (or κ = 1) in all but the last column without changing the value of the determinant. This enables the number of watermelons with a given number of marked returns to be expressed in terms of the total number of stars which is given by (2.7).
For return polynomials the situation is more complicated. First, the corresponding recurrence relation relates the polynomials for Ballot paths ending at (t, y) to those for paths ending at (t − 1, y + 1). To obtain the formula for watermelon polynomials it is therefore necessary to further extend the paths forward by the least number of steps to reach the line L through (t, y + 2n − 2) having slope −1 ( see figure 7(a) ). We call the resulting configurations 'extended grounded watermelons'. Second, the resulting determinant has κ = 0 in all but the last column and the number of watermelons with a given number of returns is related to the the total number of n-path configurations with no returns that end on L and are therefore not stars. In addition to the derivation using recurrence relations, the simplified determinants are also obtained by combinatorial methods. The starting point for these methods is the expansion of the Gessel-Viennot determinant
where P n is the set of permutations of {1, 2, . . . , n} and σ β is the image of β under the permutation σ. If 
Return polynomial for watermelon configurations attached to a surface with fixed endpoint deviation
The return polynomial for watermelons with fixed deviation y is equal to that for extended grounded watermelons, for which path α starts at v The following theorem shows that for 1 k n − 1 we may set κ = 0 in the first k columns of (4.5) without changing the value of the determinant.
Theorem 2. For any k such that
where
and y 0. In particular when k = n − 1
.
Algebraic proof. We show that while k < n − 1, increasing k leaves the determinant unchanged and the result follows by induction since it is true for k = 0. Combining (2.4) and (2. and applying this to column k + 1 of determinant (4.5) and the sets
where P Using the sets (4.12) shows that the left-hand side of (4.15) is equal to |
then theorem 2 is proven. We do this using a bijection κ :
Definition of κ : If k = φ, then the result is trivial, thus consider the case figure 8 ). Since α min < n ⇒ ∃ A α min +1 , v f α min +1 has height coordinate, y α min +1 y + 1 and since A α min starts on the surface and ends at y > 0, ⇒ ∃ a terrace rise edge E 1 ∈ A α min +1 of height 0. The pair (σ , A ) = κ ((σ, A) ) is constructed by
• A α min is the path A α min +1 but with a down edge E 4 inserted immediately after the edge E 1 (this adds a return to the path),
• A α min +1 is the path A α min but with the edge E 2 contracted (this removes a return from the path and creates a terrace rise E 3 ), and y 0. In particular when k = n − 1
Algebraic proof. We show that while k < n − 1, increasing k leaves the determinant unchanged and the result follows by induction since it is true for k = 0. Combining (2.11) and (2. Combinatorial proof. This proof follows closely that of theorem 2. Apart from the bijection only the following changes are required. v f β becomes (t, y + 2β), R becomes U and 'return' becomes 'marked return'. The required bijection is defined as follows.
Definition of κ 1 : If k = φ, then the theorem follows directly, thus consider the case figure 10 ). Since α min < n ⇒ ∃A α min +1 and v f α min +1 = (t, y α ) with y α y + 2 ⇒ ∃ a terrace rise E 1 ∈ A α min +1 of height 1. The pair (σ , A ) = κ 1 ((σ, A) ) is constructed by
Recurrence relations
In order to make the n dependence explicit letŔ The following further recurrence relation will be required in proving theorem 6 which gives the product form for watermelons with zero deviation:
Proof. Watermelons with zero deviation can be grounded at both ends by extending each path in both the backward and forward directions by the least number of steps required to reach the t-axis. Again this operation is reversible and so we may count doubly grounded watermelons instead of watermelons. The paths which occur in the Gessel-Viennot theorem are then Dyck paths and path α begins at (−2(α − 1), 0) and ends at (t + 2(α − 1), 0). Also substituting the appropriate Dyck path return polynomials into theorem 1 will give the watermelon return polynomial multiplied by a factor κ n−1 arising from the additional returns introduced by the terminal grounding. Thuś
The proof now follows closely that of theorem 2 and we give only a brief discussion. Using the recurrence relation
which was given in [5] equation (3.29) , shows that we may set κ = 1 in the first n − 1 columns of the determinant (4.26) without changing its value. The recurrence relation follows by applying Dodgson's formula [19] to the resulting determinant.
Factorization of determinants and product forms
Product form for the number of stars attached to a surface with fixed endpoint deviations
Applying theorem 1 to the calculation of the number of grounded stars gives the following formula for the return polynomial of stars of length t where path α has fixed deviation y α . The theorem is true for n = 1 and for general n it follows by induction after extensive manipulation using (5.20).
Conclusion
In this paper we have proved several theorems about non-intersecting lattice paths above a surface having a given number of contacts with the surface. The proofs are both analytical and combinatorial (using involutions and bijections). We have found several new product forms for various special cases, in particular we show that the coefficients of the return and marked return polynomials for watermelons with fixed deviation can be expressed in terms of product forms.
Finally, we have derived two partial recurrence relations for particular cases of the n-path return and marked return polynomials.
Our results are restricted to watermelon configurations with fixed endpoint deviations. Extension to star configurations with fixed and free end point conditions may be possible in the future. Product forms for watermelons with free endpoints are unlikely to exist since they have not been found for the bulk and non-interacting surface cases. Other future work will be on the introduction of contact interactions between the chains.
